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1. 
Let X be a Banach space, and for x E X, 1 x 1 be the norm of x. For a given 
h > 0, C denote the space of continuous functions mapping the interval 
[--h, 0] into X, and for 4 E C, let 
IId l/m = SUP I W)l and 
-hSOSO 
II d IL1 = j;h I #Ml ds. 
For any continuous function x(t) defined on -h < t < A, A > 0 and any 
fixed t, 0 < t < A, the symbol xt will denote the restriction of x(t) to the 
interval [t - h, t], i.e., xt is an element of C defined by x,(e) = x(t + e), 
-h<d<O. 
Consider a differential delay equation 
x’ =F(x,), (l-1) 
where F is defined on a subset of C. We say F has a Lipschitz constant L 
with the supremum norm if F satisfies 
I F(4) -WI <L II C - # IL 3 for all $, 4 E C. U.2) 
Similarly, we say F has a Lipschitx constant L with the L,-norm ; f  F satisfies 
IF(#) -%4l GLIl+ - $11~1, for all 4, * E C. U-3) 
Let x(t) be a nonconstant periodic solution with period p of (1.1). In this 
paper, we shall consider the relationship between L and p. For ordinary 
differential equations in Hilbert space, Yorke proved in [2] that the period p 
of a nonconstant periodic solution satisfies p > 277/L, where L is the Lipschitz 
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constant, and this estimate is the best possible. For general Banach space it 
was proved by Lasota and Yorke [l] that p > 4/L. They also proved this 
estimate is the best possible. Recently Vidossich [3] generalized the above 
result to a class of functional conditions more general than the Lipschitz 
condition. In Section 2 of this paper we use Vidossich’s technique to estimate 
the lower bound for the periods of periodic solutions of (1.1) with F satisfying 
(1.2). In Section 3, we apply the technique used by Lasota and Yorke in [l] to 
get a better estimate in case X is a Hilbert space. A corollary of the main result 
says that if F has a Lipschitz constant L with the &-norm then p > 27r/(hL). 
2. 
LEMMA 2.1 (Vidossich [3]). Let X be a Bunach space, V: R --f X a 
p-periodic function with the following properties: 
V is integrable, (2.1) 
there exists U E Ll([O, p/2], R+) such that 
I V(t) - V(s)1 < w - 4, (2.2) 
for almost all s, t, where 0 < s < t < p, t - s <p/2, 
s 
’ V(t) dt = 0, 
0 
P II VII, < 2 jpiz W) dt. 
0 
(2.3) 
(2.4) 
Where 
II mm = ;Rp I V(t)1 . 
THEOREM 1. If F sutisjes (1.2), and x(t) is a p-periodic solution of (1.1) 
then p > 4/L. 
Proof. For 0 < s < t we have 
I x’(t) - x’(s)1 = I F(xt) - FWI <L II xt - xs IL 
= L -~~<o I x(t + 4 - 4s + 41 < wf: I x’(fw - 4. 
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Thus all the hypotheses of Lemma 2.1 are satisfied for V(t) = x’(t) and 
U(t) = L(sup 1 x’(Q) t = L 11 ‘VII, t. 
&R 
Thus (2.4) implies 
I 
PI2 
Pll ~llcc <2 L II VIIm s ds = (m2 x L x II VII, . 
0 
Hence, p 2 4/L. 
3, 
In ordinary differential equation Yorke [2] proved a better estimate for the 
lower bounds of the periods, namely, p 3 27r/L, in in the special case when X 
is a Hilbert space. 
LEMMA 3.1 (Lasota and Yorke [ 11). 1jX is a Hilbert space and F sat&$es: 
IO)-WI \<Llx--~l, forallx,yEX. (3.1) 
If there exists a nonconstant p-periodic solution of 
then 
x’ =F(x), 
p 3 237/L. 
(3.2) 
One may ask whether we have the same sort of better estimate in differen- 
tial-delay equations in Hilbert space. The main result in this section indicates 
that the answer is positive in some sense. Throughout this section we will 
assume X is a Hilbert space. 
Theorems 2 and 3 of Lasota and Yorke [I] are independent of each other, 
but they have similar proofs. So that it seems natural to ask for a statement 
which includes both. The following theorem serves this purpose. 
THEOREM 2. Let x(t) be a nonconstant periodic solution of (1.1) with p > 0. 
Assume that there exists an integrable function g: [-h, 0] + R+ such that 
I F(4) - W>l G &w I +w - 444 4(4 for all$, * E C, (3.3) 
where v(s) is an increasing bounded function. Then 
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Proof. Let H denote the space of continuous p-periodic functions from R 
to X. For two functions y1 and ys in H define the inner product (letting “.” 
denote the inner product in X): 
Yl a Yz = IoP YlN . Y2N A. 
We integrate over [0, p] but any interval [to , 2, + p] of length p can be used 
without changing the definition since yr and ya have period p. Write 
/I y /I = (y oy)‘i2. If x E H, and s E R, let Rs(x) = x, . Define G: H -+ H by 
G(x) (s) =F(R,(x)). For a given function x: R--f H the derivative at t, is 
X’kJ = F+T 
Xkl + 7) - x(h) -, 7 
where lim is taken with respect to // . 11 in H. It may be seen that if x(o) E H 
and x(t) is continuously differentiable then the function x given by 
x(t) (s) = x(t + s) is also differentiable and 
x’(t) (s) = x’(t + s). 
Consider the differential equation in H 
$x(t) = G(xW> (3.4) 
which can also be written in X as 
(1 ) x(t) (4 = WUxWN- (3.5) 
This equation has the weak relation to (1.1) that for each p-periodic solution 
x: R + X of (1.1) (if there are any), we get a p-periodic solution x: R + H 
of (3.4) given by x(t) (s) = x(t + s). W e now check that G satisfies a Lipschitz 
condition. Let y1 and yz be in H. Then 
II G(Y,) - G(rd12 
= ,” I (3~1) (4 - G(Y,) W ds s 
= op I W,(Y,)) - WG(Y,NI~ ds s 
x 1 j: &> I MY,) (4 - WY,) (41 4(4I ds 
h 
409/49/'-9 
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X (fop I Y& + 4 - Y~(S + 4” ~)1’2d~k(v) 4 dv 
< ss _“, -;(lln(* + P> -YZ(* + ~)lI)(Ilrd* + 4 -yz(* + v)ll)gW&) WV 
= (~~h&4~~)211y~ -yyz!12. 
(Since yr , ya are periodic, so 
II Yl(. + CL) - Y2(. + PI = II rd. + 4 - Y2(. + 4 = II Yl - Y2 II *) 
Therefore, G is Lipschitzean with constant L = fhg(p) dq(p) and the proof 
is completed by applying Lemma 3.1 to (3.4). I 
The following two remarks indicates how Theorem 2 generalizes Theorem 2 
and Theorem 3 of [l]. 
Remark 1. If X = Rn, let I . ) be the Euclidean norm in Rn and for a 
matrix A, let 
I A I = I”:: I Ax I . z 
If 
then F satisfies (3.3) with g(p) = 1 A(p)/ for all p E C---h, 01. 
Remark 2. Let f : Rn x Rn ---f Rn and consider 
with f satisfying there exist a, b > 0 such that 
If(~~,~,)-f(Y1,Y2)l~al~X1--Y11 +bIx2-y21, (3.7) 
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Let F: C + R” be defined by F(+) = f($(-h), 4(O)) then for all 4, (CI E C, 
we have 
I F(4) - FWI = I fM-4, d(O)) - f(H--h), #(ONI 
< a 14(--h) - #(-41 + b I W) - !fw>l 
= g(s) IN4 - WI 4(s), 
where 
i 
a s = -h 0 s :zz -h 
g(s) = 0 -h < s < 0 and 7(s) = 
i 
1 -h<s<O. 
b s=o 2 s=o 
Hence, F satisfies (3.3). 
COROLLARY J . If x(t) is a p-periodic solution of (1 .I) with F satisfying 
(1.3). Then 
P > 2n(hL)-l. (3.8) 
Proof. In (3.3), we let q(s) E s and g(s) = L for all s E [-h, 0] then (3.3) 
becomes (1.3) and (3.8) follows by applying Theorem 2. I 
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